It was proved by Davenport [3] that for the nonzero integral X, the equation \¡x^ + ■ ■ ■ +\8Jtg = 0 always has a nontrivial integral solution. In this paper, we investigate the bounds of non trivial integral solutions in terms of A,,..., X 8.
1. Introduction. Pitman and Ridout [9] proved that for every 6 > 0, there exists a constant cg with the following property. If X,,... ,X9 are nonzero integers, then the equation (1) A,xf + ••• + Xgx¡ = 0 has a solution in nonzero integersxu...,xg, such that \X[X3 \ + ■ ■ ■ +\X9x3\< ce\Xl ■ ■ ■ X9\^+e.
They conjectured [9] that it should be possible to obtain bounds for integral solutions of the equation (2) X,x3 + ■■■ +Xsx3 = 0 where X,,... ,X8 are nonzero integers. However, their method cannot be directly extended. In this paper we shall use I. Danicic's [7] idea and improve Davenport and Roth's [6] results to overcome the difficulties and prove the following Theorem 1. For every 6 > 0, there exists a constant ce, depending on 6 only, with the following property. If X,,..., X 8 are nonzero integers, and not all of the same sign, then (2) has a solution in positive integers xl,...,xs such that \Xix3\ + ---+\X,x3\<c9\Xr--Xsr^+e. Throughout the paper, the letters a, q, a¡, qi always denote integers. In the following lemmas, 8 denotes a fixed small positive number and e denotes an arbitrary small positive number, not the same throughout. The constants implied by the notation 0, « , » are always independent of the X, and of P, and without loss of generality, we assume the constants are greater than or equal to 1. In this section they depend only on 8 and e; in later sections they will depend only on 6, 8 and e and so ultimately on 0, since 8 and e will be determined by 6. (ii) If (a, q) = 1, then S(a, q) « q2/3 where S(a, k) = lkx=ie(ax3/k).
Proof. Both (i) and (ii) are particular cases of Lemmas 12 and 15, respectively, of Before we proceed, we rearrange X, so that Now we estimate the number N of solutions with x' > x. Let x' = x + t. (8) becomes (9) X,(3x2/ + 3xt2 + i3) -Xj{y3 + z3 -y'3 -z'3) = 0, and we observe that 0 < / <| X, |"1/3P2/5. Let N(t, y', z') denote the number of solutions for prescribed values of t, y', z'. Then
say. It is obvious that Nx «| X, |"1/31 Xj \~2/3P2. Also N2 represents the number of solutions of X,.(3;t2i + 3x,i2 + /3) -Xj(y3 + z\ -y'3 -z'3) = 0,
The number of solutions of these simultaneous equations with x, = x2 is « P'N. f \S,(a)\6da« (P~^l\Xi\-3q-2P6dß,+ T P'X2 \ X.fqffidß, 3. Minor arcs for the proof of Theorem 1. We let 9L(P) be the number of integral solutions of (2) which lie in the ' box' determined by (3) . We shall show that for a given positive number 6, there exists a positive constant D9, independent of X,, such that if Px~e > DeU35/24, then 9l(/>) > 0. So we may take P such that DeU35/24 < Pl~e < 2Z>9I135/24, which will imply there exists a solution of (2) (ii) IfP>4\ XjXk | and (4) Similarly fory = 5,..., 8.
Suppose that a G M and for each i let a¡/q¡ be an approximation which satisfies (4) and (11). Since we have assumed P > Il35/24, by Lemma 4.1(i), ai/qi are unique for X,a and, by (ii), a^/X^q^ = ak/Xkqk, for all j, k. Hence there exist unique integers a, q such that (a, q) = 1, q > 0 and e define / to be the interval determined by (16). By previous argument, if a G M, then every rational approximation a¡/q¡ satisfying (4) must satisfy (11), which implies a G / for some a, q such that 0 < a «£ q -1 and g satisfies (15).
Conversely, suppose that a, q are integers such that (a, q) = \, q>0, 0<a<q -1 and (15) holds, where the 8¡ are defined by (13). If a belongs to the interval Ia defined as above, then a G I and the approximation a¡/q¡, such that (a¡,q¡) = 1 and q¡> 1, defined by (12), satisfy (11) and (14), and these intervals do not overlap because of the uniqueness of the a,/<7,.
By Lemma 4.1(iii), we can always use Lemma 2.3 to estimate S,(a) for a in M. We can now estimate the contribution from M to %(P). Then by Lemma 2.3,
where ± is the sign of X, and the error E satisfies and ±mx ± m2 ± ■ ■ ■ ±w8 = 0.
Since either X2 or X3 has sign different then X,, without loss of generality, we assume X2X, < 0. So now the last condition is Thus the contribution from these a, q is
Since n « P, the number of different possibilities for 5, • ■■ ô8 is 0(Pe), and it follows that the total error is « p39/10. Hence the result followed.
5. The singular series. Firstly, we assume that the X, are cube-free and no prime divides more than five of them. The following lemma shows that the assumption may be made without loss of generality.
Lemma 5.1. If Theorem 1 holds provided the X, are cube-free nonzero integers such that no prime divides more than five of them, then it holds for every set of nonzero integral X,.
Proof. The proof is essentially the same as [9, Lemma 5] . We now investigate the singular series @ defined by (18). Since S(X¡a,q) = 8¡S(a¡, q¿) and S(X¡a, q) is periodic of period q, we may rewrite the series as 2 2 q-*S(X,a,q)---S(Xsa,q). (iii) 7/X,,... ,X8 are cube-free and v > 6, then A6(3") s* 37(""6).
Proof. The proof is essentially the same as [9, Lemma 10]. 
